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01 Introduction
• Help clarify a longstanding division (or ambiguity) in the compensation literature 

over whether risk is positively or negatively associated with the early exercise of 

executive options.

model

Regression (𝑦 =
𝑡ℎ𝑒 𝑝𝑒𝑟𝑐𝑒𝑛𝑡𝑎𝑔𝑒 𝑜𝑓 𝑜𝑝𝑡𝑖𝑜𝑛𝑠 𝑒𝑥𝑒𝑟𝑐𝑖𝑠𝑒𝑑)

OLS (𝑦 =
𝑖𝑛𝑡𝑟𝑖𝑛𝑠𝑖𝑐 𝑣𝑎𝑙𝑢𝑒 𝑢𝑝𝑜𝑛 𝑒𝑥𝑒𝑟𝑐𝑖𝑠𝑒𝑑

𝑡ℎ𝑒 𝑟𝑎𝑚𝑎𝑖𝑛𝑖𝑛𝑔 𝑣𝑎𝑙𝑢𝑒 𝑜𝑓 𝑡ℎ𝑒 𝑜𝑝𝑡𝑖𝑜𝑛
) 

Weibull model 𝐸𝑥𝑒𝑟𝑐𝑖𝑠𝑒𝑖,𝑘,𝑡
= 𝑝𝑟𝑡

𝑝𝑟,−1exp(𝛽0 + 𝛽1𝑥1 +⋯+ 𝛽𝑛𝑥𝑛)

Similar as above

fractional-logistic regression

Report that the probability that executives 
exercise options early decreases with the 
volatility of the underlying stock return.



01 Introduction
• Knight (1921) defines the concept of Knightian uncertainty, also known as ambiguity, as 

distinct from risk as conditions under which the set of events that may occur is a priori 

unknown, and the odds of these events are also either not unique or are unknown.

• We develop an empirical estimate of ambiguity and include it in regression models

alongside the traditional measure of risk, equity volatility.

• We show that volatility causing executives to hold options longer to preserve option

value, and ambiguity increasing the tendency for executives to exercise early.



02 The Model
• Treating ambiguity analytically can help decision makers to rank alternative. 

With employee stock options, it becomes to the decision whether to continue

holding an option or exercise it when the degree of ambiguity changes.

• We distinguish the concepts of risk and ambiguity by using the theoretical 

framework of expected utility with uncertain probabilities (EUUP) proposed by 

Izhakian (2017).

• The degree of ambiguity can be measured by the volatility of probabilities—just 

as the degree of risk can be measured by the volatility of outcomes.

• Aversion to ambiguity means that individuals prefer to choose when probabilities

are known, which implies that they are willing to pay in order to avoid choosing in

an ambiguous context.



02 The Model
• Let (𝒮, ℰ, 𝑃) be a probability space, where 𝑃 ∈ 𝒫 is a probability measure,

and the set of probability measures 𝒫 is convex. 
∀ 𝑃1, 𝑃2 ∈ 𝒫, 0 ≤ 𝑎 ≤ 1, 𝑎 × 𝑃1 + 1 − 𝑎 × 𝑃2 ∈ 𝒫

• An algebra Π of measurable subsets of 𝒫 is equipped with a probability measure, 

denoted 𝜉 .

• The uncertain outcome is then given by the “uncertain” variable, 𝑋 ∶ 𝒮 → ℝ.

• Like Tversky and Kahneman’s (1992) cumulative prospect theory, EUUP assumes 

that investors have a reference point, denoted 𝑘, relative to which returns are 

classified as unfavorable (a loss) or as favorable (a gain).



02 The Model
Preferences concerning ambiguity 

• defined by preferences over mean-preserving spreads in probabilities

• modeled by 𝛾: 0,1 → ℝ, where 𝛾 is strictly increasing and twice-differentiable 

over probabilities

✓ ambiguity aversion: concave 𝛾(⋅)
✓ ambiguity loving: convex 𝛾(⋅)
✓ ambiguity neutrality: linear 𝛾(⋅)

• The expected utility of consuming the future risky and ambiguous outcome on

this one-period investment, is formed by

𝑉 𝑋 = න
𝑧≤0

1 − 𝛾−1 න
𝒫

𝛾 𝑃 𝑈 𝑋 ≥ 𝑧 𝑑𝜉 𝑑𝑧 + න
𝑧≥0

𝛾−1 න
𝒫

𝛾 𝑃 𝑈 𝑋 ≥ 𝑧 𝑑𝜉 𝑑𝑧

where 𝑋 is the investment payoff and 𝑈(𝑘) = 0 for some reference point 𝑘.

Let 𝑃1 be a mean-preserving spread of 𝑃2.

Then −∞
𝑥
𝑓1 𝑥 𝑑𝑃1 = ∞

𝑥
𝑓2 𝑥 𝑑𝑃2



02 The Model
• Consider a discrete state space with only two states of nature: high (𝐻) and low (L) 

payoffs. Assume an investor with one unit of wealth and whose reference point 

satisfies 𝐿 < 𝑘 < 𝐻. 

→ 𝑉 𝑋 = 1 − 𝛾−1 𝒫 𝛾 1 − 𝑃 𝐿 𝑑𝜉 𝑈 𝐿 + 𝛾−1 𝒫 𝛾 𝑃 𝐻 𝑑𝜉 𝑈 𝐻

where

𝑄 𝐿 = 1 − 𝛾−1 𝒫 𝛾 1 − 𝑃 𝐿 𝑑𝜉 , 𝑄 𝐻 = 𝛾−1 𝒫 𝛾 𝑃 𝐻 𝑑𝜉 are the    

perceived probability of 𝐿 and 𝐻 respectively.

→ 𝑉 𝑋 = 𝑄 𝐻 × 𝑈 𝐻 + 𝑄 𝐿 × 𝑈(𝐿)



The Arrow-Pratt Premium

• 𝑊 = current wealth

• 𝑧 = random gamble payoffs where

𝐸 𝑧 = 0, 𝑉𝑎𝑟 𝑧 = 𝜎𝑧
2

• 𝑊 + 𝑧 = wealth given gamble

• 𝜋(𝑊, 𝑧) = Arrow-Pratt Premium

• The risk premium is defined by 𝐸 𝑈 𝑊 + 𝑧 = 𝑈 𝑊 + 𝐸 𝑧 − 𝜋 𝑊, 𝑧 = 𝑈 𝑊 − 𝜋 𝑊, 𝑧 . 
LHS: expected utility of the current level of wealth, given the gamble
RHS: utility of the current level of wealth plus the expected value of the gamble less the risk premium

• By Taylor series expansion (expand at 𝑤)

✓ LHS = 𝐸 𝑈 𝑊 + 𝑧𝑈′ 𝑊 +
1

2
𝑧2𝑈′′ 𝑊 = 𝑈 𝑊 +

1

2
𝑉𝑎𝑟 𝑧 𝑈′′(𝑊)

✓ RHS = 𝑈 𝑊 − 𝜋 𝑊, 𝑧 𝑈′ 𝑊 (Pratt assumes that second order and higher terms are insignificant)

→ 𝑈 𝑊 +
1

2
𝑉𝑎𝑟 𝑧 𝑈′′ 𝑊 = 𝑈 𝑊 − 𝜋 𝑊, 𝑧 𝑈′ 𝑊 , 𝜋 𝑊, 𝑧 =

1

2
−

𝑈′′ 𝑊

𝑈′ 𝑊
𝑉𝑎𝑟(𝑧)

✓ coefficient of absolute risk aversion (CARA): 𝐴 𝑤 = −
𝑈′′ 𝑤

𝑈′ 𝑤

✓ coefficient of relative risk aversion (CRRA): R 𝑤 = A(𝑤) = −𝑤
𝑈′′ 𝑤

𝑈′ 𝑤



• Our utility function is 𝑈 = 𝑒−𝛽𝑡𝑊𝛾, 𝑤ℎ𝑒𝑟𝑒 0 < 𝑟 ≤ 1,0 < 𝛽 < 1

CRRA = −𝑊
𝑈′′ 𝑊

𝑈′ 𝑊
= −𝑊

𝑒−𝛽𝑡𝛾 𝛾−1 𝑊𝛾−2

𝑒−𝛽𝑡𝛾𝑊𝛾−1 = 1 − 𝛾

→ 1 − 𝛾愈大(𝛾愈小)，愈風險趨避

Similarly to Arrow-Pratt’s risk theory, the coefficient of absolute ambiguity aversion 

(CAAA) can be defined by −
𝛾′′ 𝑃 𝐸

𝛾′ 𝑃 𝐸
, and the coefficient of relative ambiguity 

aversion (CRAA) by −
𝛾′′ 𝑃 𝐸

𝛾′ 𝑃 𝐸
𝑃(𝐸).



02 The Model
• Define the expected probabilities and the variance of probabilities

where 𝑃 𝑥 is cumulative probability 𝑃 ∈ 𝒫 of 𝑥, 𝜑(𝑥) is the probability density    

function.

• The value of this asset in terms of expected utility is 

𝑊 𝑋 ≈ න
𝑥≤𝑘

𝑈 𝑥 𝐸 𝜑 𝑥 × 1 −
𝛾′′ 1 − 𝐸 𝑃 𝑥

𝛾′ 1 − 𝐸 𝑃 𝑥
𝑉𝑎𝑟 𝜑 𝑥 𝑑𝑥 +

න
𝑥≥𝑘

𝑈 𝑥 𝐸 𝜑 𝑥 × 1 +
𝛾′′ 1 − 𝐸 𝑃 𝑥

𝛾′ 1 − 𝐸 𝑃 𝑥
𝑉𝑎𝑟[𝜑(𝑥)] 𝑑𝑥



02 The Model
• Consider a binomial asset with low payoff 𝐿 and high payoff 𝐻, in the bad and the 

good states of nature, respectively.

• Suppose that the reference point 𝑘 satisfies 𝐿 ≤ 𝑘 ≤ 𝐸[𝑋] < 𝐻.

The value of this asset in terms of expected utility is

𝑊 𝑋 ≈ 𝑈 𝐿 𝐸 𝜑 𝐿 × 1 −
𝛾′′ 1 − 𝐸 𝑃 𝐿

𝛾′ 1 − 𝐸 𝑃 𝐿
𝑉𝑎𝑟 𝜑 𝐿

+𝑈 𝐻 𝐸 𝜑 𝐻 × 1 −
𝛾′′ 1 − 𝐸 𝑃 𝐻

𝛾′ 1 − 𝐸 𝑃 𝐻
𝑉𝑎𝑟 𝜑 𝐻

where 1 − 𝐸 𝑃 𝐿 = 𝐸[𝑃 𝐻 ] , 𝑉𝑎𝑟 𝜑 𝐿 = 𝑉𝑎𝑟 𝜑 𝐻 , 

• The degree of ambiguity can be measured by

℧2 𝑋 =  𝐸[𝜑(𝑥)]𝑉𝑎𝑟[𝜑(𝑥)]𝑑𝑥

The measure ℧2 can be used both in the general case of a space with infinitely many

outcomes or in a discrete state space with finitely many outcomes.



02 The Model
• Consider now a one-period call option on a binomial asset with one period 

payoff 𝑋 and exercise price 𝐾 with 𝐿 − 𝐾 ≤ 𝑘 ≤ 𝐻 − 𝐾. The value of this option 

(in terms of expected utility) is

𝐶 𝑋 ≈ 𝐸 𝜑 𝐻 × 1 +
𝛾′′ 1 − 𝐸 𝑃 𝐻

𝛾′ 1 − 𝐸 𝑃 𝐻
𝑉𝑎𝑟 𝜑 𝐻 𝑈 𝐻 − 𝐾

• Based on this equation we can make the following claims:

✓ Claim1 The option value increases with the risk of its underlying equity.

Since the exercise price K satisfies 𝑘 ≤ 𝐻 − 𝐾, the expected utility from this call option is 

positively affected by the volatility of its underlying equity.

→ value of option increases in the  risk of its underlying equity



02 The Model

e.g. Current price is $1. In the next period its price can be either 𝐻 = $1.1 or 𝐿 = $0.9.

Assume that reference point is 𝑘 = 1 and the utility function 𝑈(𝑥) = 𝑥 − 1.

• Assume 𝑃 𝑏𝑎𝑑 𝑝𝑎𝑦𝑜𝑓𝑓 = 𝑃 𝑔𝑜𝑜𝑑 𝑝𝑎𝑦𝑜𝑓𝑓 = 50%

𝑉 𝑋 = 0.5 × 0.9 − 1 + 0.5 × 1.1 − 1 = −0.0013

𝐶 𝑋 = 0.5 × 1.1 − 1 = 0.05

𝑉 𝑋 = 𝑄 𝐻 × 𝑈 𝐻 + 𝑄 𝐿 × 𝑈(𝐿)

✓ Claim2 The option value decreases with the aversion to ambiguity.

✓ Claim3 Assuming ambiguity-averse investors, the option value decreases with the 

ambiguity of its underlying equity.

Let 𝜂 = −
𝛾′′ ⋅

𝛾′ ⋅
is the coefficient of absolute ambiguity aversion. 

Higher aversion to ambiguity implies a greater 𝜂. 𝜂 ↑ →
𝛾′′ ⋅

𝛾′ ⋅
↓ → 𝐶(𝑋) ↓

𝐶 𝑋 ≈ 𝐸 𝜑 𝐻 × 1 +
𝛾′′ 1 − 𝐸 𝑃 𝐻

𝛾′ 1 − 𝐸 𝑃 𝐻
𝑉𝑎𝑟 𝜑 𝐻 𝑈 𝐻 − 𝐾



02 The Model
• Assume probabilities of the future payoffs of the equity are ambiguous such that 

outcomes are distributed either 𝑃1 = (0.4, 0.6) or 𝑃2 = (0.6, 0.4).
✓ ambiguity neutral (linear 𝛾(⋅)): 

forms perceived probabilities by compounded probabilities

𝑄 𝐻 = 0.5 × 0.4 + 0.5 × 0.6 = 0.5 = 𝑄(𝐿)

✓ ambiguity-averse with 𝛾 𝑃 = −
𝑒−𝜂𝑃

𝜂
, where 𝜂 = 2 is the coefficient of (absolute) 

ambiguity aversion


𝒫
𝛾 𝑃 𝐻 𝑑𝜉 = 0.5 × −

𝑒−2×0.4

2
+ 0.5 × −

𝑒−2×0.6

2
= −

𝑒−2×0.4+𝑒−2×0.6

4

𝑄 𝐻 = 𝛾−1 −
𝑒−2×0.4+𝑒−2×0.6

4
= −

1

2
ln

𝑒−2×0.4

2
+

𝑒−2×0.6

2
= 0.49

𝑄 𝐿 = 1 +
1

2
ln

𝑒−2×0.4

2
+

𝑒−2×0.6

2
= 0.51

𝑉 𝑋 = 0.51 × 0.9 − 1 + 0.49 × 1.1 − 1 = −0.0023

→ the higher is the aversion to ambiguity, the lower are the perceived probabilities  

of the good outcomes, the lower is the expected utility.

𝑄 𝐻 = 𝛾−1 𝒫 𝛾 𝑃 𝐻 𝑑𝜉

𝑄 𝐿 = 1 − 𝛾−1 න
𝒫

𝛾 1 − 𝑃 𝐿 𝑑𝜉

𝛾−1 P = −
1

𝜂
ln(−𝜂𝑃)



02 The Model
• 𝑃1 = (0.4, 0.6) or 𝑃2 = 0.6, 0.4

𝐸 𝜑 𝐻 = 0.5 × 0.4 + 0.5 × 0.6 = 0.5 , 𝐸 𝜑 𝐿 = 0.5 × 0.6 + 0.5 × 0.4 = 0.5
𝑉𝑎𝑟 𝜑 𝐻 = 0.5 × 0.4 − 0.5 2 + 0.5 × 0.6 − 0.5 2 = 0.01 = 𝑉𝑎𝑟 𝜑 𝐿
→ ambiguity ℧[𝑋]2 = 0.5 × 0.01 + 0.5 × 0.01 = 0.01

✓ ambiguity neutral (linear 𝛾(⋅)): 

𝐶 𝑋 = 0.5 × 1.1 − 1 = 0.05

✓ ambiguity-averse with−
𝛾′′ ⋅

𝛾′ ⋅
= 𝜂 = 2

𝐶 𝑋 ≈ 0.5 × 1 − 2 × 0.01 × 1.1 − 1 = 0.049

℧2 𝑋 =  𝐸[𝜑(𝑥)]𝑉𝑎𝑟[𝜑(𝑥)]𝑑𝑥

𝐶 𝑋 ≈ 𝐸 𝜑 𝐻 × 1 +
𝛾′′ 1 − 𝐸 𝑃 𝐻

𝛾′ 1 − 𝐸 𝑃 𝐻
𝑉𝑎𝑟 𝜑 𝐻 𝑈 𝐻 − 𝐾



03 Early exercise of executive stock options
dependent variable

• the percentage of an option grant exercised by the option holder in a particular 

month:  
# 𝑣𝑒𝑠𝑡𝑒𝑑 𝑜𝑝𝑡𝑖𝑜𝑛𝑠 𝑒𝑥𝑒𝑟𝑐𝑖𝑠𝑒𝑑

# ℎ𝑒𝑙𝑑 𝑎𝑡 𝑡ℎ𝑒 𝑠𝑡𝑎𝑟𝑡 𝑜𝑓 𝑡ℎ𝑒 𝑚𝑜𝑛𝑡ℎ

independent variable

• stock monthly return                                          

• vesting month indicator

• log(1+months to expiration)

• 12-month high price indicator

• dividend yield × dividend month indicator

• log(stock price / exercise price)

• illiquidity

• exercised at highest price in the month

• blackout period indicator

• abnormal accruals

• underlying asset holdings

• overconfidence indicator

• expected ambiguity

• expected volatility



03 Early exercise of executive stock options
independent variable

• expected ambiguity
✓ estimate the degree of ambiguity of each stock j for each month by the discrete form

℧2 𝑟𝑗 =
1

𝑤 ln
1

𝑤

×

𝐸 𝜙 𝑟𝑗,0; 𝜇𝑗 , 𝜎𝑗 𝑉𝑎𝑟 𝜙 𝑟𝑗,0; 𝜇𝑗 , 𝜎𝑗

+σ𝑖=1
40 𝐸 𝜙 𝑟𝑗,𝑖; 𝜇𝑗 , 𝜎𝑗 − 𝜙 𝑟𝑗,𝑖−1; 𝜇𝑗 , 𝜎𝑗 𝑉𝑎𝑟 𝜙 𝑟𝑗,𝑖; 𝜇𝑗 , 𝜎𝑗 − 𝜙 𝑟𝑗,𝑖−1; 𝜇𝑗 , 𝜎𝑗

+𝐸 1 − 𝜙 𝑟𝑗,40; 𝜇𝑗, 𝜎𝑗 𝑉𝑎𝑟 1 − 𝜙 𝑟𝑗,40; 𝜇𝑗 , 𝜎𝑗
where 𝜙(⋅) stands for the cumulative normal probability distribution, 𝑟𝑗,0 = −0.1,      

𝑤 = 𝑟𝑗,𝑖 − 𝑟𝑗,𝑖−1 = 0.005, and 
1

𝑤 ln
1

𝑤

scales the weighted-average volatilities of 

probabilities to the bins’ size.

✓ 𝑙𝑛℧𝑗,𝑡+1 is computed by ARMA(p, q) model with the minimal AIC

ln ℧𝑗,𝑡 = 𝜓0 + 𝜖𝑗,𝑡 +

𝑖=1

𝑝

𝜓𝑖 × ln℧𝑗,𝑡−i +

𝑖=1

𝑞

𝜃𝑖 × 𝜖𝑗,𝑡−1

✓ The expected volatility is then calculated as

℧𝑗,𝑡+1
2 𝐸

= exp 2 𝑙𝑛℧𝑗,𝑡+1 + 2𝑉𝑎𝑟 𝑢𝑗,𝑡+1
where 𝑉𝑎𝑟 𝑢𝑗,𝑡+1 is the minimal predicted variance of the error term.

℧2 𝑋 =  𝐸[𝜑(𝑥)]𝑉𝑎𝑟[𝜑(𝑥)]𝑑𝑥



03 Early exercise of executive stock options
independent variable

• expected volatility
✓ the expected volatility is also estimated with ARMA(p, q) for each equity 𝑗 with the minimal AIC

ln 𝕊𝑡𝑑𝑗,𝑡 = 𝜓0 + 𝜖𝑗,𝑡 +

𝑖=1

𝑝

𝜓𝑖 × ln𝕊𝑡𝑑𝑗,𝑡−𝑖 +

𝑖=1

𝑞

𝜃𝑖 × 𝜖𝑗,𝑡−1

✓ The expected volatility is then calculated as

𝕍𝑎𝑟𝑗,𝑡+1
𝐸 = exp(2 𝑙𝑛𝕊𝑡𝑑𝑗,𝑡+1 + 2𝑉𝑎𝑟[𝑢𝑗,𝑡+1] )

where 𝑉𝑎𝑟 𝑢𝑗,𝑡+1 is the minimal predicted variance of the error term.



Data

• from Thomson Reuters Insiders database

• 69,797 option grants (62,422 of which were exercised in 72,182 partial 

exercises)

• 20,665 employees in 3,222 individual firms

• Time: 1996/1~2014/12

• drop all duplicate records or records that we cannot match with identifiers to 

the CRSP(Chicago Center for Research in Security Prices ) stock price 

database

• drop all out-of-the-money options, based upon the closing price at the end of 

the prior month

04 Empirical findings
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05 Conclusion

• Our contribution involves the introduction of a second measure of uncertainty—
ambiguity—alongside the more traditional measure of volatility.

• The empirical estimates of these two quantities exhibit only a modest correlation, 
and both turn out to be significant predictors of managers’ exercise behavior, with 
volatility causing executives to hold their options longer, and ambiguity increasing 
the tendency for executives to exercise early.

• Consistent with previous studies, these findings can be explained by the option 
holder’s willingness to preserve remaining option value when volatility is expected to 
be high. On the other hand, when ambiguity is expected to be high, the holder 
prefers to exercise early in response to ambiguity aversion.


